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Abstract

Let Fj q4(n) be the maximal size of a set A C {1,2,...,n} such that the equation
alag...ak:xd, a; < ag <...<ag

has no solution with a1, as,...,ar € A and integer x. Erdds, Sarkozy and T. Sés studied Fj 2, and
gave bounds when k = 2,3,4,6 and also in the general case. We study the problem for d = 3, and
provide bounds for k = 2,3,4 and 6, furthermore, in the general case as well. In particular, we
refute an 18-year-old conjecture of Verstraéte.

We also introduce another function fj 4 closely related to Fj q: While the original problem
requires aq, ..., ax to all be distinct, we can relax this and only require that the multiset of the a;’s
cannot be partitioned into d-tuples where each d-tuple consists of d copies of the same number.

1 Introduction
The problem of the solvability of equations of the form
alaz...ak:x2, a <ag <...<ag

inaset AC [n]={1,2,...,n} first appeared in a 1995 paper of Erdés, Sarkozy and T. Sés [3]. They

investigated the maximal size of a set A such that the equation cannot be solved in A, that is, there are

no distinct ay,...,ar € A whose product is a perfect square. This motivates the following definitions:
Let Fj q(n) be the maximal size of a set A C [n] such that

aras...ap =% a1 < as < ...<ay (1)

*The full version of this work can be found in [4] and will be published elsewhere.
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has no solution with aj,ag,...,ar € A and integer z. Similarly, let fi 4(n) be the maximal size of a
set A C [n] such that
aiag ...ap = .CCd (2)

has no solution with a1, ae,...,ar € A and integer x, except trivial solutions that we specify below.
If we allow some of the a;’s in equation to coincide, some trivial solutions do arise: It is clear, for
instance, that a; = ... = aq will yield a solution to the equation a; ...aq = z?%. Let us call a solution
trivial if the multiset of the a;’s can be partitioned into d-tuples where each d-tuple consists of d copies
of the same number: see for example (a1a1a1)(azazaz)(azazas) = x3 for k = 9, d = 3. Note that trivial
solutions arise only if d | k. Let fi 4(n) be the maximal size of a set A C [n] such that the equation
aias . ..a; = z% does not have any nontrivial solution with ay, as, ..., ar € A. Note that frad < Fra.

With our notation, Erdés, Sarkozy and T. Sés [3] proved the following results (and also gave bounds
for Fj, o for every k):

Theorem 1 (Erdéds, Sarkozy, T. Sés). For every £ € ", we have
(1) Faa(n) = (% + 0(1)) n;

.. 3/4 3/4
(1) Togmyprz < Faa(n) = m(n) < ooy

(ii3) ﬁ < Fga(n) — (r(n) +7 (%)) < n"?logn.

Later Gy6ri [5] and the fourth named author [7] improved the upper bound for Fg 2(n)—(7(n) + 7 (%)).
The current best upper bound is

Foa(n) — (W(n) +7 (g)) < n?3(log n)21/3’1/3+0(1)_

For general cases, the current best lower bound estimates have been proved recently by the fourth
named author and Vizer [§].

Note that the case 2 | k is closely related to (generalized) multiplicative Sidon sets, as a solution
to the (multiplicative) Sidon equation aj...a; = by ...b; provides a solution aj...agb;...by = x2.
However, the case 2 { k seems to be much more difficult. Erdés, Sarkozy and T. Sés proved the

following results:

Theorem 2 (Erdds, Sarkozy, T. Sés). For every £ € ZT and € > 0, we have
‘ elog2
(i) ogyree <1 — Fsa(n) < n— faa(n) < n(logn)“5* 1+,

Fori12(n)

(7) liminf >log2=10.69...;
n—oo

(Z'L’L) m <Ln-— F24+172(n).

Note that similar bounds can be proved for the functions fi 2(n).

It remained an interesting problem to find the right shape of the function Fy4q9 for £ > 2. Very
recently, Tao [I0] proved that for every k > 4 there exists some constant ¢; > 0 such that Fj, o(n) <
(I —c+o0(1)n as n — oo.

Based on the work of Erdds, Sarkozy, and T. Sés, Verstraéte [I1] studied a similar problem: He
aimed to find the maximal size of a set A C [n] such that no product of k distinct elements of A is in
the value set of a given polynomial f € Z[z]. He showed that for a certain class of polynomials the
answer is ©(n), for another class it is ©(m(n)), and conjectured that these are the only two possibilities:

Conjecture 3. Let f € Zlx] and let k be a positive integer. Then, for some constant p = p(k, f)
depending only on k and f, the maximal size of a set A C [n] such that no product of k distinct
elements of A is in the value set of f is either (p+ o(1))n or (p+ o(1))w(n) as n — co.

For further related results, see [0}, [9].
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2 Our results

We investigated the original problem in the case d = 3, and provided bounds for both F}, 3 and fj 3. As
expected, several additional difficulties arise compared to the case d = 2. To overcome these, various
new ideas are needed of combinatorial and number theoretic nature. We summarize our results below.
For k = 2, the following bounds hold:
Theorem 4. There exist positive constants c1 and cy such that
en?3 <n— F>3(n) <n— fa3(n) < can?/3.

For the case k = 3 we prove that f33(n)/n converges to a constant c33 € (0,1), which we can
approximate (theoretically to arbitrary precision):

Theorem 5. There exists a constant 0.6224 < c33 < 0.6420 such that
fs,3(n) = (cg.3 + o(1))n.

(An analogous result holds for F33(n), as well.)
In the case kK = 4 we show that for large n, the following bounds hold. Our proofs generalize and
extend ideas from [3] used for the estimation of F32(n).

Theorem 6. Let ¢ > 0. There exists some no(e) such that for every n > ng(e) we have

W <n—Fy3(n) <n-—fiz(n) < (logn) ne21(\)/g§3
For k = 6 we obtained the following results:
Theorem 7. There exist positive constants ¢c1 and cy such that
3/4 3/4
c1 7(107; SR < fo3(n) —m(n) < e 7(107;71)3/2-
Theorem 8. For Fg3(n) the following holds:
nloglogn

F673(n) = (1 + 0(1)) logn

Note that Theorem [§| refutes Conjecture [3| of Verstraéte [I1].
We also give bounds for larger values of k, all the results and proofs are contained in the preprint

4.
3 Proof ideas

The different behaviours of the function fy 3 (and Fj3) can be illustrated by the cases k = 2,3,4,6.
Here we give a brief outline of the proof ideas in these cases.

3.1

For proving Theorem [4| we shall notice that ajas = 23 holds if and only if the product of the cubefree
parts of a; and as is a perfect cube. That is, if the cubefree part of a; is uv? (where uv is squarefree),
then in a solution the cubefree part of as has to be u?v. With the help of this observation one can

show the exact result
IS 3/ T
faam) =n— 3 { WJ ,

1<u<wv
ged(u,v)=1
wv?<n
u,v squarefree

for getting the claimed bound we have to estimate this sum. (Also, note that F;3(n) = fa3(n) +1.)
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3.2

For getting the bound in Theorem [5| let r be a fixed positive integer and let p; denote the ith prime.
Each cubefree positive integer a can be written as

a=pps?...pird,

where aq,...,a, € {0,1,2} and o' is cubefree satisfying ged(a’, pip2...p,) = 1. Here p{*p5?...por
is the p,-smooth and a’ is the p,,1-rough part of the number a. Observe that the product of three
integers is a perfect cube if and only if so are the product of their p,-smooth parts and the product of
their p,41-rough parts. In particular, for a fixed @’ there cannot be three elements in A with p,,1-rough
part @’ such that the product of their p,-smooth parts is a perfect cube. Note that the product of three
pr-smooth numbers is a cube if and only if the sum of their exponent vectors (a1, ag,...,«;,) add up
to (0,0,...,0) calculating coordinate-wise modulo 3. Alternatively, if we consider the exponent vectors
as elements of 5, they form a nontrivial 3-term arithmetic progression (3AP). Let L, (i) be the set of
pr-smooth cubefree integers up to i:

L) = {ppg? . g2+ an,e e €{0,1,2}} 0[],

and let s,(i) denote the largest possible size of a subset of L,(i) avoiding nontrivial solutions to
arasaz = 3. Note that s,(4) is the size of the largest 3AP-free subset of

{(a1,...,00) €{0,1,2}" : arlogpr + -+ + aylogp, < logi},

if we consider this set as a subset of Fj. Clearly, for every i > p?...p2, we have s,(i) = s,(p?...p?)
(whose common value is r3(FF5), the largest possible size of a 3AP-free subset of F%). For getting good
numerical bounds we shall calculate these s, (i) values, for which we used IP solvers. Note that the
exact value of r3(F%) is known only for » < 6, thus significantly improving our numerical bounds is a
very difficult task.

3.3

First we sketch the proof of the lower bound in Theorem |§| (which provides upper bounds for fy 3 and
F473).

Let A C {1,2,...,n} be a subset such that ajasazas # x> if a; € A, a; < as < a3 < a4 and let
D = {dy,...,ds} be the set of all positive integers d such that d < n'/3 and Q(d) < 1loglog n, where
Q(d) denotes the number of prime factors of d (counted by multiplicity). A calculation yields that

1/3

t=1bl> (logn)lt5loes—3+5

Let H be the 3-uniform hypergraph on the vertex set {P,..., P} such that {F;, Pj, P} is an edge
in H if and only if d;d;d), € A. Let M be the set of those m € [n] such that m ¢ A and m = d;d;dy, for
some 1 <i<j<k<t, then |Al <n—|M]|

For a fixed m € M let h(m) denote the number of triples (d;, d;, d)) such that m = d;d;dy, 1 <i <
j<k<t Ifm=phph...pk € M, then

Q(m) = Q(d;) + Qd;) + Q(dy;) < loglogn,
hence
= (ki 42 r
h(m) < Tg(m) = H < ;_ > < H3k1 — 3Q(m) < 3loglogn _ (logn)1°g37
i=1 i=1

where 73(m) denotes the number of triples (a, b, c) with a,b,c € Z such that m = abe.
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If H contains a K3 (a subhypergraph G with vertex set V = {P;,, P;,, P;;, P;,} such that V \ {P;;}
is an edge in G for every j € {1,2,3,4}), then for some d;, < d;, < d;; < d;, and

ay = dy diydiy, ag = d;diydiy, a3 =d;didiy, a4 = di,diyd;,

we have a1 < as < ag < a4, a1,a2,a3,a4 € A and ajasazay = (dildhdisdu)s. Therefore, H does not
contain any K3. Hence, by a result of de Caen [I] there exists a constant § > 0 such that there at least
§t3 triples (i,7,k), 1 <i < j < k <t such that {P,, P;, P} is not an edge in H.

Let h = nl?ea]\)flh(m) < (logn)°s3. If {P;, Pj, Py} ¢ H, 1 <i < j < k < t, then m = d;d;dj has at

most h decompositions as a product of three positive integers, which gives the following bound on M:
at3 n n

M| > — =
M= (logn)*+los 5= 142 . (logn)log3  (logn)**e’

which completes the proof of the lower bound.
The construction providing the upper bound is the set of the integers a such that

(i) logn <a<n,

(i) d? | @ implies d < logn, and

3,
(i)ii @ cannot be written in the form a = wvw with integers w,v,w such that ﬁ < u,v,w <
In(logn)'S.

Here, we omit the details.

3.4

The proof of Theorem [7]is a modification of the similar bounds for multiplicative 3-Sidon sets, that is,
for sets avoiding solutions to the equation ajasas = b1babs. (Note that the main term for multiplicative
3-Sidon sets is larger, m(n) 4+ m(n/2), so neither bound is a corollary, instead the methods should be
adapted to this slightly different setting.)

The set achieving the asymptotically largest possible size for Theorem [§] is

n . q
A=qm: m=pqg, —— <m<n, p,qprimes, p< — ;.
logn logn

The upper bound is a consequence of [2, Theorem 3], since, according to this result, if n is large enough,
there exist distinct aq,as,...,ag € A such that

aijaz = asa4 = asdae,

however, then ajasagasasag is a perfect cube.

4 Concluding remarks and open problems

We gave bounds for the functions Fj, 3(n) and f 3(n).
Finally, we pose some problems for further research.

Problem 1. Let us suppose that 1 < k < d. Is it true that
nkFld <« n — Fra(n) <n— fra(n) < nk/d?
Problem 2. Is it true that there exists a constant ¢ such that

fas(n) =n — (c+o(1))n?/3?
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Problem 3. Letd > 4. Is it true that

far1,a(n) = (1 —o(1))n?
As a corollary of the above theorems we get the following result:

Corollary 9. Ford=2,3 and k > d, d | k, there exist constants cxq > 0 and Cyq € Z" such that

Fya(n) = (cxa+o(1))mc, ,(n),

where 7,(n) denotes the number of positive integers up to n which have exactly v prime factors (counted
with multiplicity)

Problem 4. Is it true that for any d > 4 and k > d, d | k, there exist constants cka >0 and Cyq € 7+
such that

Fra(n) = (cka + o(1))mc, 4(n)?
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